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Abstract 

We present counting methods for some special classes of multivariate 
polynomials over a finite field, namely the reducible ones, the s-powerful 
ones (divisible by the sth power of a nonconstant polynomial), and the rel- 
atively irreducible ones (irreducible but reducible over an extension field). 
One approach employs generating functions, another one a combinatorial 
method. They yield approximations with relative errors that essentially 
decrease exponentially in the input size. 

Keywords, multivariate polynomials, finite fields, combinatorics on poly- 
nomials, counting problems, generating functions, analytic combinatorics. 
2010 Mathematics Subject Classification. 11T06, 12Y05, 05A15. 



1 



1 Introduction 



Classical results describe the distribution of prime numbers and of irreducible 
univariate polynomials over a finite field. Randomly chosen integers up to x or 
polynomials of degree up to n are prime or irreducible with probability about 
1/lnx or 1/n, respectively. 

In two or more variables, the situation changes dramatically. Most multivari- 
ate polynomials are irreducible. This question was first studied by Leonard Car- 
litz, l ater by Stephen Cohen and others. In the bivariate case. Ivon zur Gathen 



( 2008l l gave precise approximations with an exponentially decreasing relative 



error. 

This paper makes the following contributions. 

• Precise approximations to the number of reducible, s-powerful, and rela- 
tively irreducible polynomials, with rapidly decaying relative errors. Only 
reducible polynomials have been treated in the literature, usually with 
much larger error terms. 

• Two orthogonal methodologies to obtain such bounds: generating func- 
tions and combinatorial counting. 

• The classical approach of analytic combinatorics with complex coefficients 
leads to series that diverge everywhere (except at 0) . We use symbolic co- 
efficients, namely rational functions in a variable representing the field size, 
and manage to extract substantial information by coefficient comparisons. 

• Our combinatorial counting follows the aforementioned approach for bi- 
variate polynomials. It is technically slightly involved, but yields explicit 
constants in our error estimates. 

For perspective, we also give an explicit formula which is easy to obtain but 
hard to use. 

This version will he updated soon. 

2 Notation and an exact formula 

We work in the polynomial ring F[xi, . . . , Xr] in r > 2 variables over a field F 
and consider polynomials with total degree equal to some nonnegative integer 
n: 

Prt(P) = if e F[^u ...,Xr]:degf^ n}. 
The polynomials of degree at most n form an F- vector space of dimension 

r + n\ (n + r) 
r 



where the falling factorial, see e.g. Knuth ( 19921 ). is 



{x + r)^={x + r)-{x + r-\)---{x + 1), (2.1) 

for any real x and any positive integer r. Over a finite field with q elements, 
we have 
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The property of a certain polynomial to be reducible, squareful or relatively 
irreducible is shared with all polynomials associated to the given one. For 
counting them, it is sufficient to take one representative. We choose an arbitrary 
monomial order, so that the monic polynomials are those with leading coefficient 
1, and write 

Pr,n{P) = {/ e P^niF) ■ f 1^ mouic}. 

Then 

#PrA^,) = = (2.2) 

The product of two monic polynomials is again monic. 



3 Exact counting for reducible polynomials 

To study reducible polynomials, we consider the following subsets of Pr,n{F): 
IrAF) - {/ e PrAF) ■■ f irreducible}, 

RrAF)^PrAF)\IrAF)- 

ICarlitz ('1963') provided the ffist count of irreducible multivariate polynomials. 
In iCarlitz (1(165,) , he went on to study the fraction of ir reducibles whe n bounds 
on the degrees in each variable are prescribed; see also lCohen We opt 



for the total degree beca use it has the charm o f being invariant under invertible 
linear transformations. iGao fc Lauder (l2002h considered our problem in yet 



another model, namely where one variable occurs with maximal degree. The 
natural generating function (or zeta function) for the irreducible polynomi als in 



two o r more variables does not converge anywhere outside of the origin. IWan 



(I1992I I notes that this explains the lack of a simple combinatorial formula for 



the number of irreducible polynomials. But he gives a p-adic formula, and also 
a (somewhat complicated) combinatorial formula. 

In the remainder of the section we will focus on RrAP) in the special case 
of a finite field F = ¥q and omit it from the notation. We want to count 
exactly how many polynomials there are with a given factorization pattern. 
Our approach is to look at inclusion-exclusion from the bottom up, that is, 
considering each factorization pattern. We start with the simplest case, namely 
polynomials that have d irreducible factors, all of the same degree m and the 
same multiplicity e: 

Pr,n{m: e, #d) ^ {gl ■ ■ ■ g^- 9i, ■ ■ ■ 1 9d <^ Ir.m pairwise distinct}. 

Here d, m and e are positive integers and n — mde. We have 



4f^PrA^n: e,#d) 

More generally, when we allow pairwise distinct multipHcities ei,...,es for 
di,...,ds irreducible factors, respectively, then Pj-^ni'm- ei, . . . , e^, #ds) 
consists of products of di factors g'^' , where all g S Ir,m(^q) are pairwise distinct. 
Thus 

#Pr-,n(m: ei,#(ii,...,es: #4) = K 



3 



where 



,di,...,4y fii!- ••4! (#/r-,m - (rfi + •■■ + 4))! 

is a multinomial coefficient. The degree n of any polynomial in this set is 
mJ2i<i<s^id.i. Finally, a general polynomial of degree n is described by a 
partition 

(m: e,#d) = (mi: en, . . . , , ; . . ■ ; 

mt: eti,#dti,...,etst,#dtst). 

of n with 

n = ^ mi ^ eydjj. (3.2) 

l<i<t l<j<Si 

All mi, Cij, dij are positive integers, mi, . . . , m^ are pairwise distinct, and for 
each i, en, ... , Cis- are pairwise distinct. 

We write Pr,ri(m '■ e, #d) for the set of polynomials in Pr,n with exactly dij 
distinct irreducible factors of degree m^ and multiplicity . Then 

l<i<t ^ ' 

Theorem 3.4. 

-Rr,n = IJ Pr,ri(m: e, #d), 

(m: e,#d) 

#i?,,„= ^ #P,,„(m: e,#d), 

(m: e,#d) 

where the union is disjoint and over all partitions as in^, except (m: e, ^^d) = 
(n: 1,#1) which corresponds to the irreducible polynomials. 

Note that the multiplicities appear in ^ only implicitly via These 
formulas provide an explicit way of calculating the number of irreducible poly- 
nomials inductively. ICohen 1 1968l l notes that, compared to the univariate case. 



"the situation is different and much more difficult. In this case, no explicit 
for mula [. .. ] is a vailable". 

BodinI (|2008[ ) gives a recursive formula for #/2,n and remarks on a general- 



ization for more than 2 variables. 

The formula of [Theorem 3.11 is quite impractical (and error-prone) for hand 
calculations already at small sizes, and also cumbersome to program. The next 
section presents a more elegant approach. 

4 Generating functions for reducible polynomials 

We now present a generating series that is easy to implement in any computer 
algebra system and gives exact values in lightning speed . This is modeled on 



an an alytic combinatorial approach that is presented in iFlajolet fc Sedgewick 



by two experts who created large parts of this theory. We first recall 



a few general primitives from this theory that enable one to set up symbolic 
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Table 1: The partitions of small numbers in concise notation: 



n 


partitions 


1 


1 


2 


2,11 


3 


3,21,111 


4 


4,31,22,211,1111 


5 


5,41,32,311,221,2111,11111 


6 


6, 51, 42, 411, 33, 321, 3111, 222, 2211, 21111, 111111 



equations for generating functions starting from combinatorial specifications. 
Given a combinatorial object co, the formal identity 

1 9 
1 — u 

generates symbolically arbitrary sequences composed of w. Let 1 he a family of 
primitive combinatorial objects. Then the product 

V=ll{l-u;)-' 

generates the class of all finite multisets of elements taken from 1. 

We take X to be the collection of all monic irreducible polynomials. Then, 
by the unique factorization property of polynomials, V generates the collection 
of all monic polynomials. Let z be a variable, and \u)\ be the total degree of 
the polynomial to. The substitution u; i-^ 2;l"l in formal sums and products of 
objects gives rise to counting generating functions. Since 1 is identified with 
the formal sum X^^^gx'*^' the corresponding power series is 

uiel n>l 

where J„ = #/r,n is the number of polynomials in I of total degree n. In a 
similar way, the generating function for all monic polynomials is 

p = jj (i - = n (1 - ^"y^" = E^"^"- (4.1) 

wel n>l n>0 

We now apply the ideas of this theory in a different setting. For multivariate 
polynomials over a finite field , the natural generating functions diverge in all 
points except 0. We replace the usual complex analytic scenario, where, e.g., P 
is a power scries with complex coefficients, by a symbolic setting. Namely, for 
any r and n, we consider Vn to be a polynomial in a variable q with integer 
coefficients. Substituting a prime power q for q yields the integer #Pr,n(]Fg)- 
Allowing, more generally, rational functions in q leads to power series in Q(q)|-2]. 
Thus now ^ 

T^n = q^-"-^ ^;" It " e 'QM' (4-2) 
l-q 
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in accordance with ([2]), and similarly for X„. Interpreting the second product 
in lUl) as Gxp (^—J2n>i-^n{i — z"^)j, taking logarithms, and applying Mobius 
inversion, with the Mobius function /i, yields 

logP^yM and | = y 4^1ogP(z'=). (4.3) 

k>l fc>l 

P is known, and we take the second equation in ^ as the definition of I. 
Similarly, R = P — I is the series of reducible polynomials. The coefficients of 
I can be calculated by expanding the logarithm and equating the appropriate 
powers of z on both sides. 

An 8-line Maple implementation of the resulting algorithm is described in 
[Figure l[ It is easy to program and execu te and was used to ca lculate the 
number of bivariate reducible polynomials in Ivon zur GathenI l|2008l . Table 2.1). 



allp := proc(z,n,r) local i: options remember: 

sum( ' simplify ( (q~binomial(i+r ,r) -q"binomial(i+r-l ,r) ) / 

(q-l))*z-i',i=0. .n): 

end: 

reducible := proc(n,r) local k: options remember: 

convert (taylor (allp (z,n,r)-sum( ' mobius (k)/k*log (allp (z~k,n,r) ) ' 

k=l. .n) ,z,n+l) ,polynom) : 

end: 



Figure 1: Maple program to compute the generating function of the number of 
reducible polynomials in r variables up to degree n. 

For / g Q(q), deg/ is the degree of /, that is, the numerator degree minus 
the denominator degree. The appearance of 0(q~^) in an equation means the 
existence of some / with negative degree that makes the equation valid. The 
charm of our approach is that we obtain results for any ("fixed") r and n. If 
a term 0(q~^) appears, then we have an asymptotic result for growing prime 
powers q. We denote by [z"]F e Q(q) the coefficient of z" in F g Q(q)|z]. 

Lemma 4.4. (i) For i,j > 0, we have dcg{Vi - Vj) < degVi+j. 

(a) For I < k < n/2, the sequence of integers deg{Vk ■ Vn-k) is strictly de- 
creasing in k. 

Proof. (i) The claim is equivalent to the binomial inequality 

r + i\ fr + j\ fr + i + j 



r J \ r J \ r 

which is easily seen by considering the choices of r-element subsets from 
a set with r + i+ j elements. 

(ii) Using ^ , we define a function u as 

ur,nik) = degiVk ■ Vn-k) = ("^ ^ ^) + ^ ^ ^) - 2. (4.5) 
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We extend the domain of Ur,n(fc) from positive integers k between 1 and 
n/2 to real numbers k by means of falling factorials as introduced in ([2]) 



It is sufficient to show that the afEne transformation u with 



u{k) = r! • (u^,„(fc) + 2)^{k + r)^+{n-k + r)^ 
is strictly decreasing. The first derivative with respect to k is 



u{k)= J2 [ik + l)---{k + i)---{k + r) 

l<i<7- 

— {n — /c + 1) • • • (n — fc + «) • • • (n — fc + r)^ . 

Since {k + j) < {n — k + j) for 1 < j < r, each difference is negative, and 
so is u'(fc). 

□ 



Theorem 4.6. Let r,n>2, and 



Jl/2 */n = 4, 
an = < 

[ 1 otherwise. 

Then for n > 4 

nn = Pr,„(q) • (l + a„q-("-")+'-(''+i)/'(l + 0(q-^))) 



^2 = — ^ — (1 - q j , 

7e3 = p..3(q)(^l-q +q 3(1 - q-^) 

Proof. Let F = P — 1. The Taylor expansion of log(l + F(z'^)) in (0]) yields 

fc>l i>l 

i>2 fc>2 i>l 

R ^ P - 1 ^ 1 + 5:(-irf: + ^ E(-ir^- 

i>2 fe>2 i>l 

Since = [z^JR, we directly find 7^2 = [Vi"^ + Vi)/2. Similarly, 7^3 
— {Vi^ — 7'i)/3, which implies the claim. 
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When n > 4, then the main contribution of TZn = [z"]R comes from the 
term z = 2 in the first sum. For n = 4, the main contribution is V3V1 + 7^2^/2, 
giving the asymptotic expansion stated in the theorem using the bounds of 
ILemma 4.11 For n > 5 it leads to 7^„ - (27'„-i'Pi + 2F„_2:P2)/2 = 'P„-i'Pi(l + 
Pn-2'P2/ [Vn-iPi)) . The Grror estimate follows by taking the main term in 

Pn-2V2/{Vn-lVl). □ □ 



BodinI (l2008l . Theorem 7) shows (in our notation) 



-6,._ 



Hou fc MullenI 1 20091 ) provide results for #/r..ra(Fo). T hese do not yield error 

odini 



bounds for the approximation of #i?r,n(]Fg). iBodinI ( 20091 ) claims a result similar 



to [Theorem 4.2[ for values of n that tend to infinity and with an unspecified 
multiplicative factor of the error term. 



5 Explicit bounds for reducible polynomials 



We now describe a third approach to counting the reducible polynomials. The 
derivation is somewhat more involved. The payoff of this additional effort are 
explicit relative error bounds in [Theorem 5.2[ replacing the asymptotic 0(q~^) 
by bounds like 3q~™ for some explicit positive integer m. 

We consider, for integers 1 < k < n, the multiplication map 

l-^r,n,k • Pr.k ^ Pr.n — k ^ Pr,n 

{9,h) ^ g-h. 

Without loss of generality, we assume k < n/2. Then 

#im^,.^„^fc < #Pr,k ■ #PrAi-k 



q 



(1-9 



= )(l-g 



< q 



1 



(l-g-i)2 

-br-l.k 



(l-g-l)2 



(5.1) 



with Ur^n{k) = br^k + &r,n-fe — 2 as in ((ii) I. The asymptotic behavior of this 
upper bound is dominated by the behavior of Ur,n{k). From [Lemma 4.]|(i)] we 
know that for any r >2 and n >2, Ur,n(fc) is strictly decreasing for 1 < A; < n/2. 
As Ur^n(k) takes only integral values for integers k we conclude that 



2<k<n/2 



^Ur,„(2) 



k>0 



l-q-' 

Proposition 5.3. In the notation of \ Theorem we have: 
(i) For n>l 

#i?.r.„(F,) < PrAq) (1 + Cg-"-— +^'— ) 

with 

'O j/ne {1,2,3}, 



(5.2) 



/-111 



8/3 otherwise. 
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(n) For n>2 
with 



(Hi) For n> 1 
where 



#i?.,„(F,) > prAi) (1 - c;?-"--— +'■) , 

1/4 «/n = 2, 
C'n = {9/4: «/ne{3,4}, 
59/12 otherwise. 

#/,.,„(F,) > #PrA^,) (1 - S^g-^'— +'■) 



ifn=l, 

2 j/ne{2,3}, 

14/3 otherwise. 



Proof. We start with the proof of (i) Observing 

Rr,n ~ [J iniAir,n,fc, 
l</c<n/2 



we find 



l<*:<n/2 



and using inequahty ([H) 



l<A;<n/2 



For this sum we have with |[5]) 



(5.4) 



(5.5) 



^ ^ g"'-."W(l-(J-''(S?#)) 

l<fc<n/2 2<fc<n/2 

„«r,n(2) 



1-g- 



(l-g-i)(l-g-)j- 

With U,._„(l) = &r,n-l + r — 1 and — Mr,n(l) + Ur.n(2) = — fer-l,n-l + 6r-l,2, We 

conclude: 



^^)r,„-l+l•-l 



1^2 



-l,,i-l+br-l,2 



Pr,n{q) 1 + 



-l,n-l+tlr— 1,2 



(l-(7-i)(l-g-) 
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We note that the sum on the right-hand side of ([5]) is empty for rt < 3 and 
furthermore that 

I <«<3 



for all g, r > 2. This proves (i) 



We proceed with (iii) For linear polynomials the question for the number 



of irreducible ones is easily answered by the fact that — Pr,i- Therefore (iii J 



holds for 71 = 1 if we choose B[ ^ 0. For n > 2, using (i) 



'^Pr,n ^Rr^n 

„+, (i + g;v''-^^"-^+''-^.^)(i-g-'-) 



#Pr,n [l-q 



And with (1 - - q-"'-'-") < 1 finally 



For (iii) to hold it is therefore sufficient to require 

1 + C;'g-^'-i'"-i+'''-i'^ 



for all n > 2. For n — 2 and ti = 3, where C," = 0, choosing = 2 is 
enough. For n > 4 the exponent — 6r-i,n-i + br-1,2 is decreasing in r and n. It 
is furthermore always non-positive and hence the fraction is also decreasing in 
q. Therefore the maximal value is achieved for n = 4, r — 2 and q — 2 resulting 
in 14/3 as a lower bound for B^. 



We conclude with the proof of (ii) From ^ follows 



(5.7) 



Since the number of polynomials of degree n with a linear factor is bounded from 
below by the number of linear factors multiplied by the number of irreducible 



polynomials of degree n — 1 we can continue using (ni) 



#-Rr,n > i^Pr.l ' #^r,n-l 



1 



1-9 



-■#P,,„_i(l-B;_ig 



for all n > 2. Using the definition of Pr,n{q) in (|4.2p this shows 



r,n ^ Pr,n ('Z)(l 



(1 - 



>p,,„(<z)(i-c;<z 



/ „-br-l,n-l+I- 



where we choose 



c;>9-'- + i3;_i. 



□ 



10 



Before we combine the upper bound (i) and the lower bound (iii) of [Proposition 5.1] 
for #i?r,n, we take a closer look at the maximum of the relative error terms: 



max I 



For some very small degrees n this is insufHcient. For n — 2 the exponent 
is (r — l)r/2, thus at least 1 and increasing with r. For n ~ 3 the error 
bound is C^q^^^^^^'>^^ which is at most 9/(4g), while for n = 4 it reduces 
to C" q-'^''-i-''''^''+i^/® which is at most 8/{3q). For n > 5 the error is strictly 
decreasing with n and r and at most 8/(3g^). 

Theorem 5.8. In the notation of \ Theorem 4-^ we have for n > A 



for all q > 2. 

Proof. For n = 2 we obtain from the recursion formula of lTheorem 3.11 



|#i?r,„(F,) 



and 




#-Rr,2 = #Ir,l + #^r.l(#^r.l 
= • + l)/2 



l)/2 



With #/,-4 = #-Pra this becomes 




.(l-q-('-+i)). 



For n = 3, the upper bound of [Proposition 5.1[|[i) gives 



#Rr,3 < Pr,3{q)i 



while applying |[5]) yields 



= #Pr,l ■ (#P,,2 



With the previous result for n = 2 this lower bound simplifies to 



= PrM {l-q-'-^^+'^^-c 
>PrAq) (l-2g-(-iW2). 




) 
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For n = 4, we employ the lower bound from [Proposition 5.1||[ii) and evaluate 
the upper bound of ^ directly: 

/ 1 „-r(r+l)/2\ 

= PrAiq) (l + , 

where the fraction (1 — /(I — q~^) is less than 3 and can even be more 

closely bounded by 7/6. 

The remaining case n > 5 is a direct consequence of [Proposition 5.H □ 

This result supplements the bound of lTheorem 4.2\ by replacing 0(q~^) with 
2 (for n > 5). 

Rema rk 5.9. This fits well into the picture, described in Section 2 of von zur Gatheiil 
( 2008l l for r = 2. The family of functions described there approximates the quo- 
tient #i?2,ri/#^2,n (using our notation). If we compare them to Pr,2{q)/#P2,n 
we find, that they differ only by the factor 1 — which tends to 1 as rt and 

q increase. Our relative error term 3g~"+^ for r = 2 and n > 5 is only slightly 
larger than the bound 2g~" in Theorem 2.1(iii) of the paper cited. 

Remark 5.10. How close is our relative error estimate to being exponentially de- 
caying in the input size? In the general case of lTheorem 5.2l it is 3qr-^'— 12 _ 
The usual dense representation of a polynomial in r variables and of degree n 
requires 6r,n = monomials, each of them equipped with a coefficient from 

Fg, using about logj g bits. Thus the total input size is about logjfZ'&r,™ bits. 
This differs from logj q ■ [br-i.n-i — &r-i,2) by a factor of 

br,n ^ br^n _ 2(n + r) (n + T - 1) 



br-l,n-l - br-1,2 ^for -l.n-l nr 

Up to these polynomial differences (in the exponent), the relative error is expo- 
nentially decaying in the input size. Furthermore it is exponentially decaying 
in any of the parameters r, n and log2 q, when the other two are fixed. 
We conclude this section with a bound on the irreducible polynomials. 

Corollary 5.11. Let q,r >2 and Pr,n{q) as in (14. 2p . We have 
and more precisely 

#/..2(F,) = #P.,2(F,) - ^ . (l - , 

l#/r,3(F,) - (#P,,3(F,) - prAq))\ < PrAq) ■ 29-('-^)'■/^ 

and for n > 4 

|#/r.„(F,) - (#F,,„(]F9) - PrAq))\ < PrAq) ■ 3g-("^-^')+'-('-+i)/2_ 

Proof. The precise statements follow directly from [Theorem 5.2l bv apphcation 
of #Pr,n(Fg) = #i?r,n(F£,) -l- 41^Ir,n{^q)- Note that - as remarked in the proof 
of the cited theorem - for n — 4, the constant 3 can be lowered to 7/6. For the 
first claim, it is enough to note that the relative error never exceeds 1. □ 
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Table 2: Exact values of 4fRr,n(^q) for small values of r, 



#i?3.«(n) 



1 

2 {q^ + 2q^ + 3q'^ + 3q^ + 2q^ + q)/2 

3 {3q^^ + 6q^^ +9q^° + 8q-* + 6q^ + 3q'^ - q^ -3q^ -3q^ + q^ + q) /3 

4 (4 + 8 + 12 g20 ^ ^2 + 14 q^^ + 16 + 18 q^^ + 16 + 10 q^^ 



+ 8 + 12 q^'^ + 12 q'" + 14 + 16 ' + 18 g^" + 16 g^'' + ] 
-13 _ 20 - 20 gi" - 10 - + 6 9^ + 7 + 4 g5 _ 2 

37 + 10 + 15 ^35 q34 ^ ^33 _^ ^5 ^32 ^ ^31 ^5 ^30 ^ 



g3 - ^2^/4 

(5 + 10 g36 ^ ^5 ^35 q34 ^ ^33 _^ ^5 ^32 ^ ^31 ^5 ^30 ^29 

+ 20 + 25 + 30 g26 _^ 39 ^25 _^ 25 + I5 g23 _ ^21 _ 39 ^20 

-45 - 60 q^^ - 65 - 55 _ 26 q^^ + 10 + 40 ^13 4. 50 gi2 
+40 + 19 - 10 - 10 g7 - 5 9^ - g5 + g3 + ^2 ^ ^) 
(6 + 12 + 18 g56 ^55 4_ ^8 ^54 ^ ^8 ^53 ^52 ^8 g5i 4„ ^8 

^ 18 + 18 g44 ^ 24 g43 + 30 g42 

„32 
j24 

- 201 q^^ + 203 + 147 + 51 q^^ 
- 27g" +3gi° + 14g9 + 11 q^ 
1-5 g7 + 3 + 3 + 2 - 2 - 2 g2 - g)/6 



+18g49 


+ 18 _ 


f 18g47 


+ 18 - 


+36g''i 


+ 36g4o_ 


F 30 


+ 21 - 


-6(?3i - 


-27g30- 


60g29_ 


-99g28_ 


-60g23 


-3g22 + 


70 4 


-144g20_ 


-45 


- 102 


- 105 g 


13 - 71 



^ 18 q*^ + 18 g''^ + 24 g43 + 30 g42 

- 6 _ 3 g36 _ g ^35 _ 3 ^34 ^ 3 ^32 

128 _ 141 g26 _ g25 _ 104 q^ 



6 Powerful polynomials 

For a positive integer s, a polynomial is called s -powerful if it is divisible by 
the sth power of some nonconstant polynomial, and s-powerfree otherwise; it is 
squarefree if s = 2. Let 

Qr,n,s{F) = {/ € Pr.n{P) ■ f '^^ S-pOWCrful}. 

As in the previous section we restrict our attention to a finite field F ^¥q which 
we omit from the notation. The exact count of ISection 31 can be immediately 
applied to s-powerful polynomials, by taking dn = s in[3l Similar to ISection 4[ 
let Qn,s denote the corresponding polynomial in Q(q). 
In analogy to Ur^n{k) we set 

Vr,n.sik) = deg(Pfe -Vn^sk) 

= {k + r)-/rl + (n - sk + r)-/r\ - 2. 

We immediately extend the range of definition for Vr,n,s(^) from integral to real 
k. In contrast to Ur^n{k) this function is not monotone in k anymore. 

Lemma 6.1. Let r > 2 and n > s > 2. 

(i) The function Vr,n.s{k) is convex for 1 < k < n/s. 
(a) The value 

^r,n,s(l) — ^r.n~s + ^ 1- 

is maximal among all Vr^n,sik) for 1 < k < n/ s. 
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(in) Let r >2 and n > s > 2. If (n, s) ^ (6, 2), then 

for all integers 2 < k < n/s. If n = 6 and s — 2, then 
Vr,e,2i'2) = Wr,6,2(3) + 1 for r = 2, 

Wr-,6,2(2) < '!^r,6,2(3) for T > 3. 

Proof. We switch to the affine transformation 

v{k) =r!- (w^,„,,(fc) + 2) 

= (fc + r)- + (n - sfc + r)- 

which shows the same behavior as Vr^n,s concerning convexity and maximahty. 
The convexity of v{k) for 1 < fc < n/s follows directly from 



v"{k)^ J2 [{k + l)---{k + i)---{k+j)---{k + r) 

l<i,j<r 

+s^{n — sk + 1) ■ ■ ■ (n ~ sk + i) ■ ■ ■ {n — sk + j) ■ ■ ■ {n — sk + r)j 

^k + rY- ^ jn-sk + r)^ 

^-^ (k ^ i){k + j) [n — sk -\- i){n — sk j) 

Concerning the maximality of u(l) among all v{k) for 1 < fc < n/s, note 
that by convexity it is sufficient to show that 

w(l) > v{n/s). 

For n € {s, s + 1}, the only admissable value is fc = 1 and the claim is trivially 
true. 

For n > s + 2, we get n > s + 1 + and 

{n-s+j)-{n/s + j) >0 
for 1 < j < r. This proves 

{n-s + rY - {n/sY > 0, 

and subsequently 

v(l) - v{n/s) = (r + 1)! + {n - s + r)- - r! - {n/s + r)- 
^r-r\ + {n-s + r)-- {n/s + r)- > 0. 



For the claims of (iii) we consider the difference v{2) — v{n/s). For (n, s) ^ 
(6,2), note again, that by convexity proving this difference nonnegative is suffi- 
cient. 
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First, if n > 2s^/(s — 1), then n ~ 2s > n/ s, so that 

{n — 2s + i) > n/ s + i 

for all i and hence 

v{2) - v{n/s) ^{r + 2)!/2 +{n- 2s + r)^ - {n/s + r)^ - r! 
> {n-2s + r)- - {n/s + r)- > 0, 

which proves the claim. 

Second, if n < 2s^/(s— 1) and s > 3, then n/s < 3 making the claim trivially 
true, since there is at most one admissable integral value for k between 2 and 
n/s. The same argument holds for s = 2 and n/s < 3. 

Finally, the case s = 2 and n < 2s^/(s — 1), but n/s > 3 is left. We have 
6 < n < 8, and compute directly 

wr,7,2(2)-f.,7,2(3) = ir(r + l) >0 

and 

1 f = 1 for r = 2 

Vr,6.2m - VrfiA^) = ^ - 3)(r + l)(r + 2) - 1 <^ 

6 [<0 forr>3. 

□ 

The generating function approach of [Section 41 yields the following result. 
Theorem 6.2. Letr>2,n>s> 2, and let 

(1-q 

/n — s + r\ /n — 2s + 7'\ r(r + 1) 

Then S > 0, and we have 

Q ^ fr;,,„,,(q)(l-q-^(l + 0(q-i))) (n, s) ^ (6, 2), 

\7y,,„,,(q)(l-q-m-^(l + 0(q-i))) (n, s) = (6, 2). 

Proof. Let S = J2n>i ^nZ^ be the generating function for the s-free polynomials. 
As a consequence i^Qr,n,s{^q) = 'Pn — Sn, where Vn is given by equation |[2]). 
Any polynomial / factors uniquely a.s f — p where p is a s-free polynomial 
and t an arbitrary polynomial. This gives rise to the identity P = S • P(z''). As 
a consequence after equating powers of z in both sides of the equation we have 
the identity: 

0<i<n/s 

It can be proven by induction and ILemma 6.11 that for n > s, Sn ^ Vn ~ 
Vn-sPi — Vn-2s'P2, where we use the fact that Vq — 1. As a consequence, for 
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Table 3: Exact values of #Qr,n,s{^q) for small values of r, n, s: 



n 




/TT7* \ 








4 




'2q^ + q'^ 








5 




-2q^ + 2q^ + q* 








6 




+ 2q^" + 2q^ + 2q^ + q'^ + q^ 








7 










hq^ -q^ -2q'^ -q^ 


n 


#Q 


3.n,2(F,) 








3 




-2q^ + 3q^ + 2q^ + q^ 








4 




+ 2g"+39i" + 4g9 + 4g« + 


4g7 4 


-2q^ 


- 2 g4 _ 2 g3 _ ^2 


n 


#Q 


3.n,3(F,) 








4 


q^^ 


- 2 g5 + 3 g4 ^ 2 g3 + ^2 








5 


ql2 


+ 2 + 3 gi" + 3 g9 + 3 g** + 


39^4 


-2q^ 





n > s we have 



L«/sJ 

'^n — Qn,s — ^ ^ ^n — is^s ^ ^n — s^l 
= Vr.-sV, ( 1 + -^"-^^-^^ 



The result follows after using |[2|), and then taking the main order term in 
-p^— Notice that when n < s then both Vn-s and Vn~2s are equal to 0, 
leading to the correct result (there is no s-power-ful polynomial of degree n < s). 
Moreover, when s < n < 2s then Vn-s = 0, and so we obtain the exact result 

Qn,s — Vn — sV\. 

When (n, s) = (6,2), the second order contribution does not come from 
'Pn-2sP2 = V-i' but from Vn-ZsP^ — Vs. As a consequence the error term 
comes from -p ^^^^^ instead of -p^^ □ 



Th e exact values for #Q2,n,2{^q) were already given in Ivon zur Gathen 
()2008l . Table 3.1). We extend this in lTable 31 



For the combinatorial approach consider for any integer 1 < k < n/ s, the 
map 

^r,n,k • Pr.k ^ Pr,n — sk ^ Pr,n 

{9,h) ^ g^h. 

Then 

Qr,n,s = [J imCTr,„,fc. (6.3) 

l<fe<n/s 

The size of im(Tr,n,fc is indicated by Wr,n,s(fc) as defined in lLemma 6.11 
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Corollary 6.4. Letq,r>2 and n > s > 2. // (n, s) ^ (6, 2), then 



2<k<n/s k>0 ^ 



If n — 6 and s — 2, then 



J2 q^-^.^C^) < 
2<k<n/s 



2q^r,6.2i3) for r > 3. 



Proposition 6.5. Let r>2,n>s>2, rir,n.siq) and 6 as in \ Theorem 6. SI 
(i) If{n,s) ^ (6,2), then 

where 

^ n + r — s\ f n + r — 2s\ , , , 



)0 for n < 2s, 

7/6 for 2s<n< 3s, 

16/3 for 3s < n. 

(a) If n = 6 and s = 2, then 

#Qr.6,2(F,) < 77^,6,2 (<?) (l + D'l^q-') , 

where 

/r + 3 

S = l'r,6,2(l) - Wr,6,2(3) - 1 = ( , _ 

anrf = 8/3. 
Proof. Starting from ^ we have 

l</£<n/s 

.71 — sk 

l<k<n/s 



s{k) 



l<fc<n/s ^ ^ 



2</£<n/s 



(1 

(1 - 9-0(1 -g-^-i—) 



<^...(9)(i+9— E (6.6) 



(l-Q"") 

2<fc<n/s ^ ^ ' 
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The sum is empty if n < 2s. If 2s < n < 3s the sum in ([6]) is equal to its 
only summand for the index k = 2. The coefficient of the power of q is now 



1-9 



< ^ — < -. 



1 - q-i'r-i.i ~ 1-q- 

For the remaining case n > 3s, the assumption (n, s) ^ (6, 2) allows us to 
use the approximation given in |Corollary 6.3 for 



#Qr,n,s < Vr^nAl) 1 + 



2q 



-tV.„.s(l)+fr,„,s(2) 



(l-g-'-)(l-<Z-i) 



(6.7) 



We determine the constant Z?" ^ by 



< 
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{l-q-r){l-q-^) 

Finally, for (n, s) = (6, 2) we modify the upper bound ([6]) according to 
ICorollary 6.3| and obtain 



#Qr,6,2 < Vr,6,2{q) 




s(l)+i'r.„. = (3) + l 



(1-9-0 

2q-«.-,„,.(i)+^,..„.a(3) 



(1-9-'-) 



for r = 2, 
for r > 3 



and conclude with 



(1-9-0 



< 



□ 



Proposition 6.8. Let r > 2, n > s > 2, and rjr^n.siq) as in \ Theorem 6.S\ Then 



where 



A^br 



hr,n-2s - r 



for n < 2s, 

^, 1 3/2 for 2s<n< 3s, 
"'"^ I 31/16 /or3s<n<4s, 
7/2 forAs<n. 

Proof. We use the map o-r,„,fc with the largest image, namely for A: = 1. Let 
2s < n and {n,s) ^ (8,2), then ar,n,i is injective on 7^,1 x (P^.n-s \ Qr,n-s,s)- 
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Using -Vr,n-s,s{i) + Vr,n-s,s{'2) < -T < -2, we find 

> • #{Pr^n^s \ Qr.n-s.s) (6.9) 



-b 1 1-9"^ 



,-6^„_,+2r(l 1 



(1-9-^) 



And therefore 

{3/2 for 2s < n < 3s, 

31/16 for3s<n<4s, 

7/2 for 4s < but (n,s) 7^ (8,2). 

For (n, s) = (8,2), we adapt ^ according to [Proposition 6.4] and need 
With — Wr,6,2(l) + Wr,6,2(3) + 1 = — &r-i,4 — r + 1 < — 6 wc havc 

such that the bound 7/2 > 25/16 suffices. 

The case n < 2s is even simpler. InequaHty ^ holds with Qr,n-s,s = and 
the claimed inequality is true with D'^^ — 0. □ 

Remark 6.11. Note that the exponent in the error term of the upper bound of 
|Proposition 6.4| always exceeds the exponent in the lower bound of |Proposition 6. 5} 
The difference is exactly ■^r{r — 1) independently of n or s if {n, s) ^ (6, 2) and 
at least that much if (n, s) = (6, 2). 

Theorem 6.12. With the notation of lTheorem 6.SI we have 

\4in (w\ f ^ ivr.nAl)-(il-' i/(n,s)^(6,2), 

[Vr.eAl) -^Q ^ " ' «/ (»^,s) = (6,2). 

Proof. Combining Propositions (16. 4p and (|6.5p leaves us with 

\#Qr^n,s - Vr,n^s{q)\ < Vr.n,s{q) ' D 
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where 

for n < 2s, 

2 for 2s < n < 3s, 

6 for 3s < n and (n, s) ^ (6, 2). 

□ 

Remark 6.13. As noted in lRemark 5. 41 for reducible polynomials, the error term 
is (essentially) decreasing in the input size and exponentially decaying in any of 
the parameters r, n and log2 q, when the other two are fixed. 

We conclude with some handy bounds for the exponent of the relative error. 
Fact 6.14. For n > s > 2 and r > 2, we have 

-6 < -r, 

-6 < -(?i2 + 6n-24)/8, 

r + 3^ 



r - 1 



1 < 



Remark 6.15. In the bivariate case l|von zur Gatherj . 20081 Theorem 3.1) had as 
estimate for the quotient #Q2,n,s{^ q) / #P2,n{^ q) (using our notation) the term 



1 - q 



-n-l 



which equals the term ri2,n,s{q) / 4j^P2,n(^ q) derived from our analysis above. 

Remark 6.16. This confirms the result established in [Theorem 6.21 since the 
exponent of q is just the same. 



7 Relatively irreducible polynomials 

A polynomial over F is called relatively irreducible if it is irreducible but factors 
over some extension field of F and absolutely irreducible otherwise. We define 

Er,n{F) = {/ G Prm{F) : / is relatively irreducible}, 

A„,{F)^Ir,n{F)\ErAF)- 

In the remainder of the section, all fields F are assumed to be finite. For a given 
field extension F^t over of degree fc, we consider the Galois group Gk = 
Gal(F^fc : Fg) = Zfc. Gk acts on Fgfc[x] coefficientwise. The map generating 
elements of i?,-^„(Fg) is 

Vr,n,k ■ Pr.n/ki^qi') ^ Pr,ni^q), 

defined for all fc ^ 1 dividing n. To check that this map is well-defined, it is 
enough to note that [ip{g)y — Lp{g) for any t G G and therefore Lp{g) £ Pr,n{^q)- 
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In contrast to the situation for reducible and powerful polynomials we only 
have 

Er,ni^q) Q [J im(pr,n,k, 
l^k\n 

since some fir,n,k{g) may be reducible. 

Lemma 7.1. ipr,n.k{9) is irreducible overWq if and only if g ^ R^^.^/i^{¥qk) is 
irreducible and there is no s < k such that g E Pr^n/ki^q")- 

Proof. The first restriction from arbitrary to irreducible polynomials is obvious. 
But this is not the only necessary condition. If some irreducible polynomial 
has only coefficients from a subfield of F^t, say g e Pr,n/k{^q^) for some s < k 
dividing k, then some g'^ for different a £ Gk will be equal. Take for the smallest 
such s 

n e Ir.ns/k(Pq) 

and note that /i'^/* — (pr,n.k{g)- Hence fr,n,kig) is a (fc/s)th power and therefore 
reducible. 

These two conditions are also sufficient, since the k conjugates g"^, with 
a g Gfc, are pairwise non-associate unless and only unless the coefficients are 
contained in some proper subfield of F^t . □ 

Furthermore, we want to avoid some duplicates right from the start. If g is 
relatively irreducible over ¥qk , then we can increase k to an appropriate multiple 
j and choose h G Pr,n/j(¥qj) with the same image f>r,n,k{g) = 'Pr,n,jih) in 
Pr,n{^q) and the additional condition that h is absolutely irreducible. Therefore, 
we exclude relatively irreducible polynomials from the sources of the (pr,n,k, 
because there is always an absolutely irreducible one of smaller degree with 
coefficients from a larger field that gives the same image. 

Taking all the previous considerations into account, we restrict fr,n,k to the 
following set 

/+„/^(F,. :Fg) = /,,„/fc(F,.)\(-B„,/fc(F,.)U |J (/.,„/fc(F,./On/„Vfc(F,0)) , 

l^s\k 

where the first and last set on the right-hand side are motivated by ILemma 7A] 
and the set in the middle to avoid the dupHcates described above. Furthermore 
we define for all fc ^ 1 dividing n the image of the restriction as 

Er,n,k = Vr,n,k (^-^,tn/fe (^9'° ' ^"j)) ' 

These sets are pairwise disjoint and finally constitute 

ErA^q)= y Er,n^k- (7.2) 

l=ik\ii 

To get an upper bound for the size of Er^n,k we note that, (pr,n,k{g) — 
Vr,n,k{h), if and only \i h — g'^ for some automorphism a £ Gk, and hence the 
size of each fibre oi iprnk is 

#Gfc = k. 
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Our conditions ensure g ^ g'^ for all g E I^n/k ^^"^ ^ ^ '^ith a ^ id. 
Therefore 

*Er,n,U - ]:*lt,n,ki^,- ^ I^,)- (7-3) 

Similar to lSection 4\ let denote the polynomial in Q(q) corresponding to 
Er^ni^q) and define for any divisor k of n 

Wr,n{k) = deg(7'„/fc(q*-0) 
= k{K,7i/k - !)• 

Using faUing factorials we understand Wr,n{k) as defined for real values k. 

Lemma 7.4. Let n be composite and £ the smallest prime factor of n. 

(i) As k runs through all divisors of n greater than 1, the value of w,r.n{k) 
is strictly decreasing and Wr,rM) is maximal among all Wr,n{k) for k a 
divisor of n different from 1. 

(a) If {n, r) 7^ (4, 2), then Wr^n{(- + 1) > Wr,n{k) for all divisors k of n greater 
than £. 

Proof. We modify Wr,n(k) by adding the strictly increasing linear function k 
and multiplying by r!, thus considering 

— {Wr,n{k) + k) ■ r\ 
= k{n/k + r)- 

as a function of the real variable k. Monotonicity for w{k) proves monotonicity 
for Wr,n{k) and we compute directly 

-//.X / /, -.r ^ (n/k + r)- 

w'{k) ^ (n/k + r)-- - 2^ 



k ^-^ n/k + i 

l<i<r ' 



in/k + rr(l- ^) 



If r > 3, then 



n l<i<3 



for all 1 < fc < n, which proves w'{k) < and all claims. 

If r = 2, then analogously w'(fc) < for 1 < A: < n/2 and we compute 
directly 

5 

W2,nin/2) = -71 > 2n = W2,„(n) 



to prove (i) For (ii) the monotonicity on [1, n/2] along with W2,nin/2) > W2,n{n) 
is sufficient if£ + 1 < n/2, which is true for all composite n 4. □ 

The approach by generating functions gives the following result. 
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Theorem 7.5. Let r,n>2, let £ be the smallest prime divisor of n, and 

£ff'-+"/*)-i) 1 - q ^ ' 



7r„n(q) 



1/2 «/n = 4,r<4, 

3/2 i/n = 4,r = 5, 

qr(r-5)/2 ifn = 4:,r>6, 

1 otherwise. 



Then the following hold, 
(i) If n is prime, then 



= er,ra(q) 1 " q 



(l-q-0(l-q-") 



(l-q-^)(l 



(ii) If n is composite, then 

£n = e.,„(q) (l - 7r,„(q) • q-^C^"-"'')-) (1 + O(q-i))) 
Proof. From the previous discussion we obtain 

As a consequence, 



k 

k\n s\k 



l^k\r. 



When n = ^ is prime, then #Er,t = j (#/^4(F,0 - ij^IrA{^q)). The result 
follows since all the polynomials of degree 1 are irreducible, so we have an exact 
formula after using equation |[2|). 

When n is composite, the main asymptotic contribution comes from the least 
value of k that divides n (that is /c = ^), and for this value of k the sum in s 
has only two terms (s = 1 and s = €}. As a consequence we have #i?r,n ~ 
J {#Ir,n/i{^q'i) — #Ir,n/e(^q)) , whcrc whcu A the main asymptotic contri- 
bution comes fr om #In/k{^q' )- Since #In/k{^q') = #Pn/k{^ql) - #Rn/k{^qt)-, 

we use |[2]) and [Theorem 4.2l to find the asymptotic expansion of ifln/ki^q^), 
and prove the theorem. 

When n — A (and so i = 2), we have three cases. When r S {2,3,4} the 
second order contribution comes from #i?2(Fg2), and the result follows after 
using ^ and [Theorem 4.21 When r > 6 the main second order contribution 
comes from ^Ir,2(^q), that is asymptotically equivalent to #Pr',2(]Fq). When 
r = 5 both, #i?2(F^2) and #/r,2(Fg) contribute, giving the constant 3/2 in front 
of the second order term. □ 



The combinatorial approach starts with the following simple observation. 
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Table 4: Exact values of ^Er^ni^q) for small values of r, n: 



n 


#i?2,„(F,) 


1 













2 


l/2q^-l/2q 










3 


l/3q6 + l/3g3_ 


1/3 q^- 1/3 q 








4 


l/2ql" + l/4q8- 


-l/2g5_l/2q4 + 


1/4 q2 






5 


1/5 ql" + 1/5 q5 _ 


- l/Sg^ - l/5q 








6 


l/2(7lS + l/2ql6 


+ l/3qi5 - l/3q^^ 


- 1/2 gi" - 1/2 g9 - 


-l/2q8^ 


- 1/6 








+ 1/6 q^ -l/6q'^ 


- 1/6 r'' 


+ l/3g2 + l/6q 


n 




2 


l/2q6 + i/2g4_ 


1/2 q^^ 1/2 q 








3 


l/3q9 + l/3g6_ 


l/3q^ ~ l/3q 








4 


1/2(718 + 1/2 


+ l/2qi4 + 1/4^12 


-l/2q^ - 3/Aq^ - 


1/2 


3/4(76 












+l/2g3 + l/4(72 


5 


1/5(?15 + l/5q^° 


+ l/5q^ - 1/5(7^- 


1/5 - 1/5 q 







Proposition 7.6. Lei r,q>2, and er.niq) as in \ Theorem 7.31 then 
(i) 

#£;,.i(F,)=0, 

and 

(ii) for n prime 

*^-('.' --<'K' (OTT^) 

<£.,„((?)- #i?,..„(F,) <3q-''("-l). 

Proof. The first statement is obvious, since linear polynomials never split. For 
the second one we derive directly from |[7|) with £',-.i(Fqii) = as noted above 
and with ^ 

#£'r,n(Fg) = #ii'r,n,n 

= #^r.„,„(-^rtl(IF," :Fg)) 



^# (/r,l(Fg'0\ (^rM(F5.)U y (/,,i(F,„/.)n/,,i(F,,0 



n 



= -#(/,.! (Fg.)\^r.l(F,)) 
1 / 1 - 1 - (7" 

n\ 1 — (7" 1^9 



n 



(i-g-")V (i-(7-i)(i-(7-"^) 
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where the last fraction is not more than 32/15 < 3. □ 
Determining the size of E'r.n.fc will not always be that easy. We derive from 



m 



k' 

= g--'^^ , ' , (7.7) 



with 

'Wr,n{k) = k{br^n/k - 1) 

as defined in lLemma 7.21 

Proposition 7.8. Let n composite, i the smallest and ko the second smallest 
divisor of n greater than 1, and er.nil) as in \ Theorem 7.3[ Then the following 
upper bounds hold: 



#Er,n{¥,) < €r,n{q) (l + 



(i) Forn^f' 

for all r >2. 
(a) For n = 6 

#ErM < er,,{q) (l + 2g-'-(2'-^-3'-+5)/6^ 

for all r >2. 

(Hi) For n = 12 and r = 2 

( 67 

#i?2,12(F,) <e2.12(<7)- (1+^9"'" 

(iv) For n and r satisfying either 

• n — 12 and r > 3, 

• n — 6N , N > 3 and r > 2 or 

• ko>£ + 2 and£< y/6n/7 - 1.5 andr>2 

we have 

#Sr,n(F,) < er,„(g)(l + 2q-'''^-^-'^^ ^) , 

(v) For all other comosite n: 

#Er,n{^,) < e,.„(g)(l + 2g-^('''-o-i)+fco(f^.^-i)) 

for all r >2. 

Lemma 7.9. Let n 7^ 4,6 be composite and £ its smallest divisor greater than 
1. Then 

UJr.n = l{br,n/l-l " 1) " fco(&r,n/fco " 1) " n/6 + 1 

is strictly increasing in r >2. 
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Proof. Consider the difference 

^r.n ^r— l,n — n/t-2 ^ ^0&r,n/feo-l- It is 

nonnegative if and only if 

^^-I'-^^^r- >i. (7.10) 



koin/ko - 1 + r) 

We start a proof by induction with r = 2. The quotient simpUfies to 

{n - e)ko 

£{n + ko) 

which is greater or equal than 1 if and only if 

n{ko- i)>2£ko. (7.11) 

This is true in the case oi ko — £+1, where it simplifies to n > 12 - easily true, 
since we excluded n = 6. For the case fco > £ + 2 we distinguish two cases. Note, 
that the second smallest divisor ko is equal to n if and only if n = . Otherwise 
^0 < < n. Now, see on the one hand n ^ £^ implies fco < ^/n and therefore 
2£ko < 2y/riy/n < {ko — £)n. On the other hand n — £^ implies ko = £'^ — n and 
we reduce ^ to £ > 3 which is satisfied, since we excluded n — A. 

Now for the induction step. The quotient on the left-hand side of ([7]) differs 
for r from the one for r — 1 by the factor 

n/£-2 + r 



n/fco - 1 + r 
This is greater or equal than 1 if and only if 

n(fco -£)> £ko- 

But this is certainly satisfied, since we already proved the stronger condition 
0. □ 

Remark 7.12. The conclusion of lLemma 7.61 is false for n = A. 

Proof. From ([7]) we get using ([7]) 

#Sr,„(F,) < 

1 _ q-kbr-i^„/k 



< J2 g'"-"^'' • ■ 



kil-q-'') 



£(!-,-) fc(l-,-) 
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An upper bound on =f^Er^n(^q) is therefore given by 

e<k\n 

,.(l-g-0(l-(7-^-^'---/'=) 



\ e<k\n 



< er,„(9) ( 1 + q-^-"'^'^ E 1^"'"^'^ I ' (7-13) 

\ e<k\n J 

since (1 — q~^)/{l — q-'^^^-i.^/k'-^ jg monotone increasing with k. 
For the first three claims we compute directly from Q 

for n — 

#i?,.,6(F,) < erAl) (l + (53(..,-l) +^6(..,.-l))) 

= e.,6(9) (l + (l + q-Mr-l)/2^^^ ^ 

where 1 + q-Mr-i)/2 < g/g ^nd 

#i?2,12(F,) < £2,12(9) (l + g-2(6.,e-l)(^3(6.,.-l) ^ ^4(fc.,3-l) + ^6(fc.,.-l) ^ ^12(6.,,-!))^ 

= £2,12(9) (1 + q-''{l + q-' + q-'' + q-'')) 
< £2,12(9) (l + (l + 3g-6)5-12)^ 

where 1 + 3q-^ < 67/64. 



Note that the conditions on n in the first two cases of (iv) are equivalent to 
ko = i + I and n ^ 6, since £ > 3 would imply i + 1 even and hence 2 as a 
divisor of n, therefore contradicting the minimality of £. 

In order to show for (iv) that the relative error on the right-hand side of ([7]) 
satisfies 



we use K = {k : £ < k \ n} to show 

or even with the very coarse bound < n — 2 < 2"/^ < 2q^/^^^ 

n/6 - 1 + fco(&r,n/feo - 1) ^ i{br,n/i-l - !)• 

This last inequality is satisfied, if and only if the function defined in 

ILemma 7.61 is nonnegative. By this lemma it is enough to consider the minimal 
r for that. 
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In the first case of (iv) the bound ^ follows from ujs^u = 7 > 0. Note that 
1^2,12 < 0. In the second case with n = 6N we compute 

UJ2,n=3N^ -7N-1, 

where the larger root of the quadratic polynomial is less than 3 and therefore 
i^2.n > for iV > 3. Finally in the third case we compute for ko > £ + 2 

^2,™ = Hb2.n/i-l - 1) - ko{b2,n/ko " 1) - n/6 + 1 

2 koj 6 

Let 712 be the largest real root of the quadratic polynomial in n on the right-hand 
side. If ^ < y/6n/7 ~ 1.5, then 

„> 1(^+1.5)2 > 7 (^^(^ + 2) + ^£^i£ + 2)2 + ^(^ + l)i(£ + 2)^ = ^2 

and therefore W2,ri > 0. 

What are the parameters covered in (v) ! We have n ^ £'^, ko > £ + 2 and 

£ > — 1.5. This boils down to n = £ko, ko prime or n — 8, since by the 

first condition we have at least two distinct prime factors. If we have exactly 
two, then n = £kQ, if we have more than two, then n > £^ and by requiring 

l(£+1.5f>n (7.14) 
6 

it follows as necessity 

-£^ + -(£+1.5f >0 
6 

where the largest root of the cubic polynomial on the left-hand side is between 
2 and 3. With the only choice / = 2 follows 14 > n from ^ and therefore 
only two possibilites for n with at least three factors: n — 12 (contradicting 
ko > £ + 2) and n = 8. Anyways n = £ko holds and we get from ([7]) as upper 
bound 

erAl) (l + g-^(''-'=o-l)(g'=o(^-.^-l) +g"('''-.i-l))) 
< er,n{q) (l + (?-^('''-.'^o-l) + feo(fc...-l)(l + g-feo(b.,.-l)+n(6.,l-l))^ 

<er,niq) fl + 2g-^(''-''o-i)+fco(b.,.-i)^ 



□ 



Proposition 7.15. With the notation of \Proposition 7.5 we ho 
(i) for n — A 



28 



(a) and else 
Proof. For any composite n we have 

#^r,„(F,) > #S.,„,^(F,) = ^#/+„/,(F,. : > i (#/,,„/f(F,0 - #/,,„/,(F,)) 

(7.16) 

since is prime and there are no proper intermediate fields between F^ and F^* . 

For composite numbers n 4 is equivalent to n/i > 3. For n/€ > 4 inequal- 
ity ([7]) yields with the lower bound on the number of irreducible polynomials 
from [Corollary 53 



> e (a) (1 - " — ^ - ^^^^^ ' ^^^^ + Sg-^^"'---/-— 



-r) (1 + 3g 



-^(br-l.„/«-l-br-l 



Both exponents of g are dominated by — (^— l)(6r-i,n/f ~'") and the two fractions 
are bounded by 7q~^/3 and 2q~^^ respectively, so that a lower bound is given 

by 

For n/£ = 3 the corresponding bound from [Corollary 5.5| only changes the 
bounds for the corresponding fractions in the analog of O which now reads 

Both exponents are again bounded by —{i — l)(&r,n/£ ~ '') and the fractions by 
2q~^ respectively 2q~^, such that item (ii) holds. 

Note, that on closer inspection it is possible to determine for each pair of 
parameters n and £ two intervals for r, where one exponent in Q dominates 
the other. This allows tighter bounds at the cost of further case distinctions. 

Finally for n — A the exact result of [Corollary 5.5 gives with the same 
argument as before 

//p ClP W ^ („\f, „-r(r-l) (1 - g"^'') -r(r+3)/2 " g~'^) A 

>erAq){i-q-^'-^^''-'^"), 

since -(r^ + 3r - 6)/2 > max(-r(r - 1), -r{r + 3)/2) for all r > 2. 

□ 
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Remark 7.18. To combine the upper bounds from |Proposition 7.5| with the lower 
bounds from [Proposition 7.8| we have to compare the relative errors. Starting 
with the most general situation we find the exponent of q in the relative error 
for the lower bound to be larger by at least {i~l)r + br-i.n/i than the exponent 
in the upper bound, assuming n/£ > 4 and the conditions of [Proposition 7.^^1)1 



(iv) or (v) For the remaining n = 4, 6 and 9, the exponent of q for the relative 



error of the lower bound is at least as much as its counterpart of the upper 
bound, but exceeds only by (r — 2)(r — 3)/2, r(r — 3)^/6 and r{r + l){r + 13)/6 
respectively. 

Theorem 7.19. In the notation of lTheorem 7.3[ the following holds, 
(i) If n is prime, then 



iq) (l ,-rin-l A^-1-nil-1-n 



(a) If n ^ A is composite, then 

|#^,,„(F,) - erAq)\ < ^rAl) ■ 2g-^('''— /^-'■), 
where the 2 can be omitted unless n — 6. 
(Hi) For n — A, we have 



Rema rk 7.20. Comparing lTheorem 7.10l to the bivariate results of [von zur Gathen 
(l2008l l we find #£^2,n(Fg)/#P2,n(Fg) approximated by 

g-"^(^-l)/(2«)(l _ 

e{l-q-<^){l-q-"-^) ■ 

This differs from e2,n(g)/#^2,«(Fq) only by a factor of 1 - 

Corollary 7.21. Let r,q,n > 2, Pr.n{q) as defined in (|4.2p and er,n{q) as in 
\ Theorem 7.3\ then 

#/r,n(F,) > #A,,„(Fg) > P,,„(F,) - 2{pr,n{q) + er,„(<z)). 

Remark 7.22. Comparing this result to [Theorem 7.3[ we find the main terms 
equal. 
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